The superexponential self-interacting oscillator (SSO) is introduced and analyzed. Its power law potential is characterized by the dependence of both the base and the exponent on the dynamical variable of the oscillator. Opposite to standard oscillators such as the (an-)harmonic oscillator the SSO combines both scattering and confined periodic motion with an exponentially varying nonlinearity. The SSO potential exhibits a transition point with a hierarchy of singularities of logarithmic and power law character leaving their fingerprints in the agglomeration of its phase space curves. The period of the SSO consequently undergoes a crossover from decreasing linear to a nonlinearly increasing behaviour when passing the transition energy. We explore its dynamics and show that the crossover involves a kick-like behaviour. A symmetric double well variant of the SSO is briefly discussed. * Peter.Schmelcher@physnet.uni-hamburg.de 1 arXiv:1909.09792v1 [physics.class-ph] 21 Sep 2019 I. INTRODUCTION
frequency compared to the parametric driving frequency accompanied by a phase-locking to the parametric variation [12] .
Recently, the need for a deeper understanding of the mechanisms of exponential acceleration as well as the search for its most fundamental building blocks emerged [13] [14] [15] [16] [17] [18] [19] . In this context the driven power law oscillator (TPO) [20] has been introduced and explored.
Opposite to the above-mentioned harmonic and anharmonic time-dependent oscillators the TPO is characterized by a periodically time-dependent exponent of the potential such that the confinement changes its shape periodically in time covering a continuous spectrum of anharmonicities in a single cycle of the driving. This allows for a two component phase space consisting not only of mixed regular and chaotic bounded motion but in particular also of unbounded motion and exponential net growth of the corresponding energies. Phases of motion with huge energy gain and loss then alternate during a single driving period of the oscillator. This way it was demonstrated [20] that driving the power of the oscillator instead of the traditional approach of driving a parameter, such as the amplitude of an external field, provides a very rich phenomenology.
In this work, we go one step further along the above lines and render the exponent dynamical in the sense that it becomes proportional to the oscillator coordinate q itself. This superexponential self-interacting oscillator (SSO) represents a conservative Hamiltonian system with an overwhelmingly simple appearance but, as we shall see below, with interesting (phase space) properties. While standard potential functions for oscillators are of power law form with some given exponent, be it short-or long-ranged, the present oscillator puts the nonlinearity to its extreme in the sense of the potential V (q) = |q| q -form describing a highly nonlinear self-interacting or self-coupled oscillator. As a consequence our basic intuition of what an oscillator could deliver to us and what its phenomenology and behaviour could be, have to be carefully rethought when considering the SSO with its uncommon properties. Our aim is to develop a first understanding of this SSO by performing a computational study of its structure and dynamical behaviour. We remark already here, that a direct extended analytical approach is, in spite of the fact that we are dealing with a one-dimensional integrable system, hindered by the exponential form of V which prevents closed form analytical solutions of the quantities of interest (see below). Specifically we will show that the phase space curves agglomerate at q = 0 which is reflected in the corresponding analytical structure of V whose derivatives exhibit an intriguing structure such that with increasing order of the derivative at q = 0 an increasingly singular behaviour occurs. This leads, among others, to a transition in the behaviour of the period of the oscillator with increasing energy: for low energies it decreases linearly and once it reaches the transition point q = 0 a crossover to a highly nonlinear increase is observed. This transition leaves its fingerprints also in the dynamics: at the transition point the oscillator dynamics experiences a kick being qualitatively different for low and high energies.
In detail we proceed as follows. In section II we introduce and discuss the SSO and derive its phase space properties. Section III contains a discussion of the analytical structure of the potential thereby demonstrating the hierarchy of the singularities of its derivatives.
A frequency analysis of the SSO with varying energy is presented in section IV and compared to several well-known cases. Section V contains a discussion of the dynamics showing qualitatively different behaviour for the trajectories. A symmetric variant of our SSO is presented and analyzed in section VI. Finally section VII provides some brief conclusions and an outlook.
II. THE SSO HAMILTONIAN AND ITS PHASE SPACE
Power law potentials V (q) = q α with a constant α = 2n, n ∈ N covering the harmonic (n = 1), quartic anharmonic (n = 2) and arbitrarily higher order cases lead to some frequently used oscillator models. Here we relax the requirement of having a constant power and even render it dynamical i.e. we choose it proportional to the continuously varying coordinate q of the oscillator itself. This way we end up with an extreme nonlinearity which changes with time in the corresponding dynamics and our potential reads V (q) = |q| q occuring in the oscillator Hamiltonian H = p 2 2 + V (q) which, of course, conserves energy. The absolute value is chosen to avoid complex values of the potential and the related ambiguities. The SSO potential can be seen as if the oscillator interacts with itself in some effective manner. The peculiar shape of V (q) is shown in figure 1 . It is of highly nonlinear and asymmetric character with a confining wall for q → +∞ and approaches asymptotically a constant (value zero) for q → −∞. In between a potential well develops. In spite of its very simple appearance the SSO therefore accomodates both confined and bounded periodic motion as well as scattering dynamics.
Let us discuss the potential of the SSO in some more detail due to its peculiar shape and its varying nonlinear behaviour. For q > 1 the SSO 'feels' with continuously increasing q a continuously increasing stronger confinement and corresponding restorative force, or, in other words, it encounters a rising potential of exponentially increasing steepness. Both the potential and its 'steepness' diverge (see section III for an analysis of its analytical structure) for q → ∞. With decreasing q for q < 1 the SSO covers continuously all decreasing powers, i.e. roots, which leads to a decrease of the slope of V (q) until it reaches a vanishing slope at the minimum q min = e −1 with the value V (q min ) = ( 1 e ) 1 e = e − 1 e . For a further decreasing q in the interval 0 < q < q min the decreasing exponent and decreasing base leads to an increase of V (q) = |q| q until q reaches zero where V (q) reaches the value one. This specific point is of major importance for the overall behaviour and transitions of the SSO, as we shall discuss in the following sections. In this region the slope of V decreases until it becomes −∞ at q = 0 (this leads to a kick-like dynamics at this point, see section V). For q max < q < 0 and decreasing q the slope of V increases again until it reaches zero at the where the potential V is purely repulsive towards −∞, the slope of it first increases, reaches a maximum and then decreases again until it reaches asymptotically for q → −∞ the value zero. We note that introducing additional prefactors leading to V (q) = α|q| βq allows for a squeezing and widening of the potential well via β whereas α simply scales the overall values.
The phase space of the SSO is given by the set of curves (q, p = ± 2(E − |q| q )), as shown in figure 2 . It exhibits, as expected, an elliptic fixed point at (q min , p = 0) with surrounding elliptical curves that correspond to periodic motion in the potential well of V (q) (see figure   1 ). The saddle point at (q max , p = 0) separates the confined motion in this well and the left-incoming (q = −∞) scattering trajectories from the unbounded motion that is equally left-incoming and orbits the potential well i.e. the latter trajectories are scattered by the well above its confining energies.
The striking feature of the phase space decomposition is, however, the agglomeration of the curves at q = 0 which can be clearly observed in figure 2. To quantify this behaviour let us define the distance S between two neighboring phase space curves (q 1 , p 1 ) and (q 2 , p 2 ) as
which varies with the angle Φ defined as
which means that it is the azimuthal angle with respect to the axis p = 0 for the coordinate system centered at the elliptical fixed point (q min , 0). Figure 3 shows this distance S(Φ) for a series of different neighboring phase space curves with equal energetical separation at Φ = 0 (the reader should note that the distance S is the Euclidian distance in phase space and varies with Φ whereas, of course, the energetical separation of the curves w.r.t. H is constant with varying Φ).
For energies below E = 1 we observe no minima of S(Φ) within the relevant region 
III. ANALYTICAL STRUCTURE OF THE SSO POTENTIAL
It is very instructive to inspect the analytical structure of the potential V (q) = |q| q , since this will be a basis of the analysis and understanding of the dynamics and properties of the SSO in the following (see sections IV and V). We do this step by step, first addressing some lower order derivatives and subsequently providing the general expression for the N −th order derivative. The first two derivatives read as follows
They are illustrated in Figure 4 . V (1) (q) possesses a logarithmic singularity at q = 0 with a negative infinite slope being of the same kind for both q → 0 ± . V (2) (q) possesses both a logarithmic and a power law singularity with exponent −1 at q = 0. The latter dominates the behaviour for q → 0 ± and leads to the corresponding antisymmetry (see Figure 4 ). Note the highly nonlinear and nonmonotonous behaviour of the derivatives, where, in certain regions, the second derivative is even larger than the first derivative.
This translates to the N -th derivative which is given by (n j + 1) α (n 1 , ..., n j + 1, n j − 1, ..., n N )
holds with α(N, 0, ..., 0) = α(0, ..., 0, 1) = 1 and negative entries are excluded. The Nth derivative V (N ) (q) is therefore a product of the original function |q| q and a N -th order polynomial consisting of powers of logarithms (B (1) ) and inverse powers (B (j) , j ≥ 2). The dominant singularity for q → 0 ± is therefore of the order of the highest inverse power ∝ 1 q N −1 reflecting the symmetry in the vicinity of q = 0.
To conclude this section, let us briefly discuss the Taylor expansion in terms of powers around the minimum q min = e −1 of the potential well of the SSO. Obviously all B (1) -involving terms of the N -th derivative vanish. The second, third and fourth derivative at q min amount to eβ, −e 2 β, (3e 2 + 2e 3 )β, respectively, and the N -th derivative dominant term scales as ∝ e N −1 which shows their growth with increasing order. The equal presence of odd derivatives in the expansion is indicative of the strong (reflection) asymmetry of the potential well around its minimum.
IV. FREQUENCY ANALYSIS OF THE SSO
An important characteristic of oscillators is the energy dependence of their period or frequency. In the following we analyze this dependence for our SSO. Before doing so, however, let us remind the reader of some facts concerning the periods of some standard oscillators.
Given a potential V (q) the period as a function of the energy reads
where ±q 0 represent the turning points of the one-dimensional periodic motion. For the simple harmonic oscillator V (q) = 1 2 αq 2 we have T = 2 √ α π which is independent of the energy. For a general power law oscillator V (q) = γq n one obtains
which demonstrates that the period always decreases nonlinearly with the energy. In the extreme limit n → ∞ of a box potential the ballistic periodic motion yields T ∝ E − 1 2 which is the strongest possible 'decay' with increasing energy for power law oscillators of the type mentioned above. Figure 5 shows T (E) for the SSO which exhibits a qualitatively very different behaviour. Indeed the first property one observes is that it consists of two components. For energies E < 1 which is the regime below the crossover point E = 1 (see also section III for a discussion of the analytical behaviour of the SSO potential at E = 1 
where a cutoff parameter has been introduced to regularize the singularities. Let us analyze the motion within the confining well of the SSO potential. Figure 6 shows the momentum p(t) of a typical trajectory in the well for an energy E = 1.3 1.3 ≈ 1.4 above the transition point (E = 1) together with its potential energy E pot (t). In the course of the periodic motion a certain asymmmetry is clearly observable. In the half-period of the motion from maximally positive to maximally negative momentum the trajectory resides on the right half of the well which is governed by large values of q and therefore also of the power of the potential. This leads to a large force and a rapid change of momentum as compared to the motion in the other half-period which takes place in the left half of the well. It is therefore the pronounced asymmetry of V (q) = |q| q around its minimum which leads to this asymmetric cycling of the trajectory and correspondingly also of its potential energy (see inset of Figure 6 ).
However, it is not only the asymmetry of the potential well, and more generally of V (q) which leads to a distinct behaviour in the dynamics of the trajectories, it is also the transition point q = 0 that leaves its imprints. The latter we have already observed in section II where we analyzed the phase space: Phase space curves colaesce at the transition point, i.e. they approach each other. This leads, as shown in Figure 7 , to an almost vertical phase space curve particularly for energies close to the transition point q = 0. This means that an almost instantaneous, i.e. kick-like, momentum transfer takes place. The latter is confirmed by the corresponding behaviour of the coordinate q(t) and momentum p(t), see the inset of Figure   7 . q(t) shows a kink-like dynamics at q = 0 compared to an otherwise smoothly changing behaviour. p(t) exhibits a steep slope at the kinks of q(t) demonstrating a large momentum transfer whereas it is otherwise varying much more slowly. For energies off the transition point E = 1 the above-discussed behaviour is smoothened out.
VI. A SYMMETRIC VARIANT OF THE SSO
While the SSO shows some unique and interesting properties, in particular in comparison with known oscillators of equally simple appearance, it is by no means the only superexponential and even self-interacting oscillator possible. One immediate variant of the SSO is obtained if one considers the symmetrized version of it (SVO) which takes on the following appearance H = p 2 2 + |q| |q| (10) which is obtained from the SSO Hamiltonian by taking the absolute value of the corresponding exponent of the potential. Its potential is shown in Figure 8 where the reflection symmetry around q = 0 is obvious. As a consequence of taking the absolute value of the exponent we encounter now a double well with exclusively confined motion and two symmetrically placed wells and minima at q min = ± 1 e but no scattering trajectories as in the case of the SSO. The barrier of the double well possesses a kink at the origin which represents its maximum. Indeed, the potential of the SVO is composed of two symmetrically arranged halfs of the SSO potential for q > 0. The structure of singularities at q = 0 follows equally from the discussion in section III.
The phase space of the SVO is shown in Figure 9 . It shows an agglomeration of phase space curves at q = 0 as the SSO does. Finally Figure 10 a characteristic behaviour of the SSO potential with a hierarchy of logarithmic and power law singularities of increasing order with increasing higher derivative. As a consequence the period of the oscillator exhibits a crossover between two qualitatively different behaviours.
For energies below the transition point the period decreases (approximately) linearly with the energy whereas above it a strongly nonlinear dependence is observed finally leading to a monotonous increase of the period. While already the linear decrease is a peculiar property of the SSO, the combination of both behaviours below and above the transition point is remarkable for a system as simple as the SSO is. The fingerprint of this transition in phase space is an agglomeration of the phase space curves.
Future directions of investigation could be the generalization of the SSO to higher dimensional space or the inclusion of dissipation and driving. Together with the scattering motion that is part of the phase space of the SSO, our analysis raises the perspective that the SSO could be a fundamental building block for more complex few-and many-body oscillator systems following the route which standard oscillators have taken. Certainly, there is major differences between the standard (an-)harmonic oscillators and the SSO, but the rich complexity of the behaviour the SSO achieved already with a single degree of freedom is very promising towards coupling few or many of them, which could be performed in several ways. Finally we note that the extreme nonlinear and asymmetric behaviour of the SSO points in the direction that it could be an effective description of a complex (or even biological) many degree of freedom system which, again on a higher hierarchical level, could be interconnected.
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